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1. I n t r o d u c t i o n  

The problem I sha l l  d i scuss  today con- over  a d i s t a n c e  of t h e  o r d e r  of 100 thousand 

cerns  t h e  behavior  of a galaxy of stars l i g h t  years .  We can even show t h a t  t h e  

(F ig .  1) l i k e  t h e  Milky Way we l i v e  i n .  I n  mechanisms f o r  t h e  c r e a t i o n  and t h e  main- 

p a r t i c u l a r ,  I s h a l l  consider  t h e  mechanism tenance of t h e  s p i r a l  p a t t e r n s  have t h e i r  

through which t h e  regular  spiral  p a t t e r n  i s  

c rea t ed  and maintained. I s h a l l  repor t  on t o r y  condi t ions.  One m i g h t  wonder whether 

t h e  work which was done on t h i s  problem by 

s e v e r a l  of us a t  Cambridge, Mass. (KalMJS, our  galaxy by using plasmas. Such at tempts  

1965; Lin, 1965 a,b; Lin and Shu, 1964, 1966; would not only enhance ou r  understanding of 

Toomre, 1964) .  There were o t h e r  related t h e  g a l a c t i c  problem, b u t  m i g h t  a l s o  h e l p  

i n v e s t i g a t i o n s  which I s h a l l  not be able t o  

cover i n  t h i s  review. containment. 

coun te rpa r t s  i n  plasma physics  under labora-  

one could b u i l d  a n  experimental model of 

w i t h  t h e  c o n s t r u c t i o n  of devices  f o r  plasma 

Students  In Applied Mechanics may d e r i v e  To es tabl ish a f e e l i n g  f o r  t h e  phys i ca l  

s a t i s f a c t i o n  from t h e  f a c t  t h a t  t h e  general  processes  i n  t h e  galaxy, l e t  u s  first examine 

concepts and mat hematical met hods developed t h e  o rde r s  of  magnitude of t h e  q u a n t i t i e s  

and used i n  t h e i r  own sub jec t  have found involved. Consider first t h e  stars. I n  t h e  

a p p l i c a t i o n  i n  these e x t r a - t e r r e s t l a l  o b j e c t s .  following tab le  (Table I),  we compare a s tar  

Indeed, t h e  galaxy of s t a r s ,  which number w i t h  i t s  p lane t s ,  such a s  t h e  s o l a r  system, 

about 100 b i l l i o n ,  can be shown t o  behave w i t h  a single hydrogen atom, and compare t h e  

l i k e  a g i g a n t i c  plasmoidal medium, extending galaxy of stars w i t h  t h e  gas. 

TABLE I 

Gas: hydrogen atom Galaxy: s o l a r  system 

1. Bohr r ad ius  of hydrogen atom R a d i u s  of earth o r b i t  (1 A.U.) 

0.5 x lo-* cm. 

2. Unit of l eng th  of measurement 
21 

1 cm. 1 kpc. = 3 x 10 cm. 

3. Number d e n s i t y  
8 0.1 (pep = 10 (kpC)'3 

8 

-1  
4.  Mean free p a t h  X a ( h T U 2 )  

7 3 x 10 cm. 7 3 x 10 kpc. 
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FIGURE 1. EXAMPLES OF GALAXIES OF VARIOUS mPES 
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7 1 .The  mean f ree  p a t h  of 3 x 10 kpc is much 

larger t h a n  t h e  g a l a c t i c  system, even much 

larger than  t h e  s i z e  of t h e  c l u s t e r  of ga- 

laxies. It l s  somewhat of an over-estimation, 

s i n c e  we have taken t h e  s i z e  of t h e  "molecule" 

t o  be t h e  d ia i ie te r  of t h e  o r b i t  of t h e  e a r t h .  

If we should adopt t h e  o r b i t  of p l u t o  t o  be 

an i n d i c a t i o n  of t h e  s ize  of t h e  s o l a r  system, 

t h e  mean free pa th  would be reduced by a 

f i e l d  a r e  governed by t h e  usua l  laws of hydro- 

magnet I C s .  

The b a s i c  dynamical equat ions governing 

t h e  behavior of t h e  stars, t h e  gas,  and t h e  

magnetic f i e l d  are summarized elsewhere and 

w i l l  not be reproduced here. (See, f o r  ex- 

ample, Lin, 1965a, Sec t ion  2). I n f o m a t i o n  

about o t h e r  components i n  a galaxy and about 

g a l a x i e s  i n  gene ra l  may be found I n  Appendix 

f a c t o r  (40);L; and t h e  r e s u l t a n t  value would be 

2 x 10 kpc, which is  s t i l l  extremely l a r g e .  

I of  t h e  same a r t i c l e .  
4 

Other r e l e v a n t  numerical r e l a t i o n s h i p s  2. Statement of t h e  problem 

are as fol lows:  Although no t  a l l  g a l a x i e s  are disk-shaped 

1 

1 

20 

A.U. subtends an angle of 1 s e c  at  l i k e  ou r  own, these g a l a x i e s  comprise about 

a d i s t a n c e  of 1 parsec  (pc)  70% of  t h e  t o t a l  g a l a c t i c  populat ion.  With 

km/sec x 10 years = 1 pc the  except ion of a small c l a s s  c a l l e d  SO 

km/sec x lo6 y e a r s  = 2 x 10 kpc ga lax ies ,  a l l  t h e  disk-shaped g a l a x i e s  have a 9 

age of un ive r se  10" yea r s  rather prominent spiral s t r u c t u r e .  (Imagine 

From these numerical values,  w e  conclude 

t h a t  t h e  stellar system is a "highly rarefied 

gas, held t o g e t h e r  by t h e  mutual g r a v i t a t i o n a l  

a t t r a c t i o n  o f  t h e  molecules.' '  It may there- 

f o r e  be described as a g r a v i t a t i o n a l  plasma. 

There i s  a l s o  i n t e r s t e l l a r  gas  ( cons i s t ing  

mostly of hydrogen, poss ib ly  a l l  i n  atomic 

form); and there is a n  i n t e r s t e l l a r  magnetic 

f i e l d .  The gas is highly rarefied according 

t o  terrestial  s t anda rds  (1 atom p e r  cubic 

cen t ime te r  being a t y p i c a l  value),  but it may 

be regarded as a continuous medium, s i n c e  t h e  

mean free pa th  i s  still  very much sma l l e r  than 

t h e  l i n e a r  dimensions involved. The gas is 

only very s l i g h t l y  ionized (perhaps t o  the  

e x t e n t  of one p a r t  i n  10 o r  10 ), y e t  i t  

may be regarded as an i n f i n i t e l y  conducting 

medium, a g a i n  because of large linear s c a l e s  

involved. Thus, t h e  gas  and t h e  magnetic 
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t h e  s u r p r i s e  of t h e  first astronomer who 

found these r e g u l a r  spiral- l ike o b j e c t s  i n  

d i s t a n t  space!) 

mation of t h e  spiral p a t t e r n s  has  been t h e  

s u b j e c t  f o r  i n t e n s i v e  i n v e s t i g a t i o n  f o r  t h e  

p a s t  few decades. There is l i t t l e  doubt, 

f r o m  t h e  obse rva t iona l  data a v a i l a b l e ,  t h a t  

these magnif i c e n t  manif estat i o n s  are as soc i -  

ated w i t h  t h e  gas and t h e  young stars being 

born I n  them. But could t h e  o l d  stars a l s o  

p l a y  a n  important r o l e  i n  t h e  formation of t h e  

spiral s t r u c t u r e ?  Could t h e  gas? 

The mechanism f o r  the  f o r -  

A f l a t  g a l a c t i c  system must be i n  rapid 

r o t a t i o n ;  otherwise,  t h e  grav.l tationa1 f i e l d  

would have p u l l e d  t h e  system t o g e t h e r .  It is 

well-known from obse rva t ions  that t h e  ga- 

l a x i e s  are g e n e r a l l y  not i n  uniform r o t a t i o n .  

Indeed, i n  o u r  own galaxy, t h e  mean v e l o c i t y  

of the  stars i n  r o t a t i o n a l  motion remains 
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) nea r ly  eons tan t  a t  250 km sec,  over  a wide 

range of d i s t a n c e s  f r o m  t h e  g a l a c t i c  cen te r .  

Thus t h e  angular ve loc i ty  inc reases  as one 

moves toward t h e  cen te r .  Ind iv idua l  stars 

a l s o  have t h e i r  own p e c u l i a r  v e l o c i t i e s .  

Thus, t o  cons t ruc t  a theory  of t h e  s p i r a l  

s t r u c t u r e ,  one m u s t  bear  i n  mind t h e  follow- 

ing components of a galalcy: 

The stars - w i t h  t h e i r  g r a v i t a t i o n a l  

fo rces ,  c i r c u l a r  ve loc i ty ,  and 

ve loc i ty  d i spe r s ion .  

The i n t e r s t e l l a r  gas - w i t h  i t s  

g r a v i t a t  i ona l  f i e l d  and p res su re .  

The magnetic f i e l d  - which e x e r t s  

i t s  inf luence  through t h e  highly 

conducting i n t e r s t e l l a r  gas. 

A complete theory should take a l l  these  com- 

ponents and f o r c e s  i n t o  account, and put  

t h e i r  r e l a t i v e  importance i n t o  perspec t ive .  

One of t h e  important f e a t u r e s  of t h e  

s p i r a l  p a t t e r n  is t h e  fol lowing.  There i s  a 

c o r r e l a t i o n  of t h e  spacing f o r  s p i r a l  ga- 

laxies of t h e  var ious types  as determined by 

o t h e r  phys i ca l  c h a r a c t e r i s t i c s ,  as shown i n  

t h e  fol lowing t ab le :  

Sa-, S H  Sc. 

Nuclear concent ra t ion  decreasing 

Gas content  i nc reas ing  

Arm spacing inc reas ing  

To ta l  mass decreasing 

Now, one would n a t u r a l l y  a t tempt  t o  a s soc ia t e  

a s p i r a l  arm w i t h  a p iven  body of matter. 

However, i n  a d i f f e r e n t i a l l y  rotating system, 

one would expect t h e  p a t t e r n  t o  change: t h e  

spacing i n  one g iven  g a l a m  would increase  o r  

decrease ra ther  r ap id ly  i n  t h e  course of time, 

which would be cont ra ry  t o  observa t iona l  

evidence. Furthermore, t h e r e  appears  t o  be 

a grand desig?. over  t h e  whole d i s k .  The s i t u -  

a t i o n  i s  v e r y  well descr ibed by Oort (1962): 

" In  systems w i t h  s t rong  d i f f e r e n t i a l  

ro t a t ion ,  such as i s  found i n  a l l  non- 

barred s p i r a l s  , spiral f e a t u r e s  a r e  

q u i t e  n a t u r a l .  Every s t r u c t u r a l  

i r r e g u l a r i t y  is l i k e l y  t o  be drawn out  

i n t o  a p a r t  of a spiral .  But this i s  

not t h e  phenomenon we must consider.  

We must cons ider  a s p i r a l  s t r u c t u r e  

extending over  t h e  whole galaxy, f r o m  

t h e  nucleus t o  i ts  outermost par t ,  and 

cons i s t ing  of two arms starting f r o m  

d i ame t r i ca l ly  oppos i te  p o i n t s .  Although 

t h i s  s t r u c t u r e  i s  o f t e n  hopelessly 

i r r e g u l a r  and broken up , t h e  genera l  

form of t h e  la rge-sca le  phenomenon 

can be recognized i n  many nebulae." 

All t h i s  leads t o  t h e  rather n a t u r a l  con- 

c lus ion  t h a t  t h e  s p i r a l  p a t t e r n  is  e s s e n t i a l l y  

a wave p a t t e r n  r o t a t i n g  around t h e  g a l a c t i c  

cen te r .  If one can es tabl ish t h e  ex i s t ence  

of wave p a t t e r n s ,  t h e  appearance of a grand 

des ign  would be easy t o  expla in .  The super- 

p o s i t i o n  of s eve ra l  such p a t t e r n s  would 

c r e a t e  something less p e r f e c t  and compara- 

t i v e l y  t r a n s i t o r y ,  such as t h a t  observed i n  a 

t y p i c a l  galaxy.  But a t  l e a s t  a t y p i c a l  s c a l e  

would then  p e r s i s t .  Such a theory  has,  how- 

ever,  t o  pas s  c e r t a i n  elementary kinemat i c a l  
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tes ts .  For  one th ing ,  t h e  stars a t  Various 

l o c a t i o n s  are moving a t  d i f f e r e n t  angular  

v e l o c i t i e s  whereas t h e  p a t t e r n  must essen- 

t i a l l y  r o t a t e  a t  a g iven  angular  ve loc i ty .  

Thus, some of  t h e  young stars must eventua l ly  

d r i f t  ou t  of t h e  gas  concent ra t ion  where they  

are supposed t o  be born. It i s  however known 

t h a t  t h e  most b r i l l i a n t  stars of t h e  0 and B 

types  i n v a r i a b l y  s t a y  c l o s e  t o  t h e  gas  c3n- 

concen t r a t ion .  This  dilemma can b e  avoided by 

not ing  t h a t  these stars have an  age of l ess  

t h a n  10 m i l l i o n  yea r s  and t h a t  de ta i led  calcu- 

l a t i o n s  can be made t o  show t h a t  t he  separa-  

t i o n  produced during such a shor t  time i s  a l -  

ways s m a l l ,  w i th in  t h e  range of observa t ions .  

A similar k inemat ica l  tes t  has  t o  be 

passed by t h e  observed motion of t h e  gas .  We 

sha l l  not  go i n t o  t h e  d e t a i l s  here. S u f f i c e  

it t o  say  t h a t  t h e  p a t t e r n  concept meets w i t h  

no e s s e n t i a l  d i f f i c u l t i e s .  

. .  

For  a d e t a i l e d  d i scuss ion  of bo th  kine-  

ma t i ca l  t e s t s ,  see Lin, 1965b. 

3 .  Dynamical processes  

We now t u r n  t o  t h e  cons ide ra t ion  of t h e  

mechanism f o r  t h e  c r e a t i o n  and maintenance of 

t h e  s p i r a l  p a t t e r n .  After an  e s t ima t ion  of 

t h e  r e l a t i v e  importance of t h e  var ious  compo- 

nents  mentioned above, we assert t h e  fol lowing 

hypothesis  : 

QSSS Hypothesis. The t o t a l  s t e l l a r  popu- 

l a t i o n ,  which has  var ious  degrees  of ve loc i ty  

d ispers ion ,  forms a quas i - s t a t iona ry  s p i r a l  

s t r u c t u r e  i n  space.  This  i s  p r imar i ly  due t o  

t h e  e f f e c t  of g r a v i t a t i o n a l  i n s t a b i l i t y  as 

l i m i t e d  by v e l o c i t y  d i s p e r s i o n  (and secon- 

d a r i l y  t o  t h e  Inf luence  of t h e  gas  and t h e  

magnetic f i e l d ) .  The ex ten t  of d e n s i t y  va r i a -  

t i o n  i n  t h e  s p i r a l  p a t t e r n  may be only a small 

f r a c t i o n  of t h e  symmetrical mean dens i ty  

d i s t r i b u t  Ion .  

To demonstrate t h e  hypothesis ,  we adopt a 

method of s e l f - cons i s t en t  g r a v i t a t i o n a l  f i e l d .  

Suppose such a wave p a t t e r n  were maintained by 

g r a v i t a t i o n a l  forces ,  t h e n  there  must be an  

a s soc ia t ed  g r a v i t a t i o n a l  f i e l d  w i t h  a s p i r a l  

p a t t e r n .  We s h a l l  s tart  w i t h  t h i s  f i e l d  and 

c a r r y  out  t h e  a n a l y s i s  as ind ica t ed  i n  t h e  

fol lowing diagram: 

(2; response i n  

t h e  s te l la r  d i s k  

(1) t o t a l  material d i s t r i b u t i o n  ( 4 )  t o t a l  response 

needed f o r  maintaining t h i s  - Equate -Î - i n  t h e  d i s t r i b u t i o n  

of matter 
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The r e s u l t a n t  g r a v i t a t i o n a l  f i e l d  (0 )  m u s t  be 

a s soc ia t ed ,  according t o  Po i s son ' s  equat ion  

w i t h  a c e r t a i n  d i s t r i b u t i o n  of ma t t e r  (I), 

which may c o n s i s t  p a r t l y  of  gas  and p a r t l y  of 

stars. The d i s t r i b u t i o n  of gas  ( 2 )  may be 

ca l cu la t ed  :n t e r m  sf' t h e  r e s u l t a n t  g rav l t a -  

t i o n a l  f i e l d  without any f u r t h e r  r e fe rence  t o  

t h e  d i s t r i b u t i o n  of t h e  stars. S imi la r ly ,  t h e  

d i s t r i b u t i o n  of  t h e  stars (3 )  may be calcu- 

la ted  without  any f u r t h e r  r e f e rence  t o  t h e  

d i s t r i b u t i o n  of t h e  gas .  The sum of these  two 

d i s t r i b u t i o n s  y i e l d s  a t o t a l  d i s t r i b u t i o n  of 

ma t t e r  ( 4 )  t h a t  must be i d e n t i c a l  w i t h  t h e  

d e n s i t y  d i s t r i b u t i o n  (1) which i s  needed t o  

g i v e  r ise t o  t h e  f i e l d .  The l a s t  condi t ion  i s  

t h e  equat ion  t o  be solved f o r  t h e  unspecif ied 

func t ions  and parameters t h a t  occur  i n  t h e  

r e s u l t a n t  g r a v i t a t i o n a l  f i e l d  (0)  i n i t i a l l y  

assumed. 

. .  

T h e  a n a l y s i s  has  so f a r  been c a r r i e d  out 

only f o r  t h e  l i n e a r  theory.  Althouth t h e  non- 

l i n e a r  e f f e c t s  may be  expected t o  tend t o  pre- 

f e r  t r a i l i n g  p a t t e r n s ,  such a preference  w i l l  

be seen  t o  occur  a l ready i n  t h e  l i n e a r  theory.  

To c a r r y  out  t h e  ana lys i s ,  w e  adopt t h e  

n a t u r a l  c y l i n d r i c a l  coord ina te  system (W, e,$) 
such t h a t  t h e  g a l a c t i c  d i s k  i s  i n  t h e  plane 

b =  0 w i t h  i t s  c e n t e r  a t  t h e  o r i g i n .  I n  t h e  

l i n e a r  theory,  t h e  g r a v i t a t i o n a l  po ten t  la1 

(I tem (0)  above) may be assumed t o  be given 

by a supe rpos i t i on  of s p i r a l  modes, and t h e  

response t o  these ind iv idua l  modes may be 

t reated s e p a r a t e l y .  L e t  t h e  p o t e n t i a l  of 

each of these modes be given by 

( 3 . 1 )  

w h e r e  A(=) and g(-) are rea l  func t ions  sf 

t h e  a x i a l  d i s t ance  W, d i s  a complex para-  

meter, and 3rt i s  a p o s i t i v e  i n t e g e r .  The 

func t ion  A(=) i s  slowly varying w i t h  m, 
whereas t h e  func t ion  $(m) i s  of t h e  form 

E - ' + ( - ) ,  where +(*) i s  slowly varying, 

and i s  a small parameter of  t h e  o rde r  of 

t h e  angle  of i n c l i n a t i o n  i of t h e  s p i r a l  

arms. Indeed, t h e  func t ion  (3 .1)  c l e a r l y  has 

a s p i r a l  s t r u c t u r e  descr ibed  by t h e  family of 

curves 

which has  a n  angle  of i n c l i n a t i o n  2 given  by 

Thus, a n a t u r a l  approach i s  t o  adopt a n  asym- 

p t o t i c  s o l u t i o n  based on a r a p i d l y  varying 

phase angle  f o r  a l l  t h e  func t ions  of t h e  

genera l  form (3.1).  

4 .  Density waves 

The d e t a i l e d  a n a l y s i s  may be found else-  

where ( c f .  Lin 1965a, Lin  and Shu, 1966). We 

sha l l  g ive  here only t h e  f i n a l  r e s u l t s  t h a t  

r e l a t e  t h e  c h a r a c t e r i s t i c s  of  t h e  dens i ty  wave 

t o  those  of  t h e  b a s i c  d i s t r i b u t i o n  func t ion .  

Suppose t h a t  t h e  b a s i c  d i s t r i b u t i o n  has  a 

s u r f a c e  mass dens i ty  g iven  by ~ * ( U Y )  f o r  t h e  

stars and 0;; ('lb) f o r  t h e  gas. There is  an  

a s soc ia t ed  symmetrical g r a v i t a t i o n a l  f i e l d  

po in t ing  toward t h e  g a l a c t i c  c e n t e r .  The 

c i r c u l a r  ve loc i ty  t h a t  I s  needed t o  balance 

t h i s  f i e l d  w i l l  be denoted by DYQ(*) , 

Corresponding t o  t h i s  c i r c u l a r  ve loc i ty ,  there  
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I s  an  epl-cycl ic  frequency def ined by 
c .  

1.e .  r e l a t i v e  t o  an  observer  moving w i t h  t h e  

c l r c u i a r  ve ioc i ty ,  a c l a s s  of stars w i l l  be 

seen  t o  be moving i n  epi-cycles  w i t h  an  

angular  v e l o c i t y  K w i t h  t h e  observer  a s  t he  

guiding c e n t e r .  The p e c u l i a r  ve loc i ty  of the  

stars a t  (W,  8 ) r e l a t i v e  t o  t h e  above- 

mentioned observer ,  w i l l  be denoted by 

( Cb, Ce ) .  It is  known from both observat ions 

and t h e o r e t i c a l  cons ide ra t ions  t h a t  these 

should s a t i s f y  t h e  Schwarzschild e l l i p t i c a l  

d i s t r i b u t i o n  as a first approximation. The 

Schwarzschild d i s t r i b u t i o n  is  similar t o  a 

two-dimensional Maxwellian d i s t r i b u t i o n ,  but 

w i t h  t h e  mean square  values  (&} and (e:) 
not equal  t o  each o t h e r .  Indeed, it can be 

shown t h a t  

The response of such a s t e l l a r  d i s k  and 

of a s imilar  gaseous d i s k  t o  t h e  g r a v i t a t i o n a l  

p o t e n t i a l  (3.1) i s  found t o  y i e l d  a dens i ty  

d i s t r i b u t i o n  t h a t  i s  appropr i a t e  t o  maintain 

t h e  o r i g i n a l  f i e l d ,  t hus  r e s u l t i n g  i n  se l f -  

sus t a ined  d e n s i t y  waves. Indeed, t o  t h e  

o r d e r  of t h e  i n i t i a l  approximation i n  t h e  

small parameter E , these  waves are found t o  

be n e u t r a l .  When t h e  theory  i s  c a r r i e d  out  

t o  t h e  o r d e r  of E , it  w i l l  be seen  t h a t  

t r a i l i n g  p a t t e r n s ,  w i t h  I% ( m )  - "(m) < 0, 
are p r e f e r r e d .  It is  gene ra l ly  be l ieved  tha t  

indeed only t r a i l i n g  p a t t e r n s  have been ob- 

served.  It may then  be expected, by analogy 

w i t h  t h e  theory  of  hydrodynamic s t a b i l i t y  t h a t  

eventua l ly  t h e  p a t t e r n  w i l l  s e t t l e  down t o  a 

small but  f l n i t  e amplit7Jde t h a t  i s  propor t ion-  

a l  t o  t h e  square  root  of t h e  ampl i f i ca t ion  

rat e. 

The radial wave number of t h e  n e u t r a l  

wave ( w h e t h e r  t r a i l i n g  o r  l ead ing )  i s  g iven  by 

where G i s  t h e  g r a v i t a t i o n a l  cons tan t ,  

(4.5) 

h. 
and PL( Z )  i s  t h e  reduct ion  f a c t o r  def ined by 

where 

The s i g n i f i c a n c e  of %(Z) i s  seen as fol lows.  

Equation (4 .3 )  i s  der ived by assuming 

t h a t  t h e  gas  molecules have n e g l i g i b l e  k i n e t i c  

motion. The stars are  however assumed t o  have 

a v e l o c i t y  d l s p e r s i o n  measured by t h e  para-  

meter def ined by ( 4 . 5 ) .  T h i s  v e l o c i t y  d i spe r -  

s i o n  n a t u r a l l y  tends  t o  smooth out  any uneven 

d i s t r i b u t i o n s ,  e s p e c i a l l y  t h o s e  at  smaller 

s c a l e s  ( h i g h e r  va lues  of  14 I ) . 
t h e i r  y r a v i t a t i o n a l  e f f e c t  i s  reduced by a 

f a c t o r  %( 2 ) ,  whose value decreases  wi th  

inc reas ing  va lues  of X ( c f .  F ig .  2 ) .  

Accordingly, 

S imi l a r ly ,  t h e r e  should be a r educ t ion  

9 
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A 

c 

f a c t o r  app l i ed  t o  t h e  gaseous dens i ty  

when t h e  e f f e c t  of p re s su re  o r  t u rbu len t  

motion i s  inc luded .  

r e ( W )  

5. Appl ica t ion  t o  a g a l a c t i c  model 

( a )  Eq. ( 4 . 3 )  shows t h e  p o s s i b l e  ex i s -  

t e n c e  of  n e u t r a l  waves over  a range of  fre- 

quencies  and scales. It a l s o  inc ludes  t h e  

u n s t a b l e  d i s tu rbances  w i t h  ?'< 0 . The 

margin of s t a b i l i t y  is  g iven  by V = 0. For 

a g iven  va lue  of 

l a t i o n  between x = A L ( C & ) / K Z  

where 

L 

b,/V* , t h i s  y i e l d s  a re- 

and 14 t/&*, 

This  r e l a t i o n s h i p  i s  shown i n  F ig .  3, w h i c h  

was ca lcu la t ed  w i t h  t h e  i n c l u s i o n  of a 

t u r b u l e n t  v e l o c i t y  i n  t h e  gas, w i t h  a mean 

square  va lue  equal  t o  one-tenth of t h a t  of 

t h e  s t e l l a r  d i spe r s ion .  The o r d i n a t e  

%, = % ( 4; /A') 
t h e  d i s p e r s i o n  ve loc i ty .  The curves i n  F ig .  3 

show t h a t  t h e  d i s p e r s i o n  v e l o c i t y  must reach 

a c e r t a i n  l e v e l  be fo re  t h e  system can be f r e e  

from s t rong  i n s t a b i l i t i e s  i n  t h e  n a t u r e  of a 

g r a v i t a t i o n a l  co l l apse .  On t h e  o t h e r  hand, 

i f  t h e  d i s p e r s i o n  v e l o c i t y  is i n i t i a l l y  

i n s u f f  i c i e n t ,  t h i s  g r a v i t a t i o n a l  i n s t a b i l i t y  

would be t h e  mechanism through which d i spe r -  

s i o n  v e l o c i t i e s  can be increased .  (Toomre, 

1963). Thus, t h e  e x i s t i n g  value o f  t h e  d i s -  

p e r s i o n  speed m i g h t  be expected t o  be g iven  

by t h e  maximum po in t  of t h e  curve f o r  each 

value of Go/O-* . From t h i s  condi t ion ,  we 

may t h e n  o b t a i n  an estimate of t h e  d i s t r i b u -  

t i o n  of 

i s  a d i r e c t  measurement of 

L 
(C,) as a f u n c t i o n  of t h e  rad ia l  

d i s t ance .  

(b )  Once (C:> i s  given, Eq. (4.3) 

g ives ,  f o r  each chosen value of ?%, and each 

chosen va lue  of  G , ,  a rad ia l  wave length .  

Observa t iona l ly ,  we know t h a t  two-armed s p i r a l  

p a t t e r n s  ( PPI = 2 ) are always observed. The 

reason  f o r  t h i s  I s  ra ther  s u b t l e .  It i s  not 

t h e  exc lus ion  of o t h e r  p a t t e r n s ,  bu t  rather 

t h a t  two-armed p a t t e r n s  are most prominent. 

From (4.3) i t  is  seen  that  t h e  cond i t ion  

must be f u l f i l l e d .  We s h a l l  refer t o  t h e  

range of va lues  of W f o r  which (5.2) i s  

satisfied as t h e  p r i n c i p a l  part of t h e  s p i r a l  

p a t t e r n .  Some spiral  f e a t u r e s  might s t i l l  be 

p resen t  o u t s i d e  t h i s  p r i n c i p a l  part, because 

t h e  material t h e r e  must be d r iven  by t h e  den- 

s i t y  waves. It t u r n s  ou t  t h a t  w i t h  t h e  usua l  

d i s t r i b u t i o n s  of a(*) and k (p.), t h e  

p r i n c i p a l  p a r t  of t h e  s p i r a l  p a t t e r n  has an 
apprec iab le  ex ten t  only i n  t h e  case  % =  2 . 
Thus, i n  ou r  own galaxy, i f  one adopts  t h e  

va lues  Y =  2, and P 
kpc, t h e  p r i n c i p a l  p a r t  extends between 2 kpc 

and 1 2  kpc, which inc ludes  most of  t h e  

g a l a c t i c  d i s k .  

&! = a/- = 20 km/sec p e r  

( c )  What t hen  determines t h e  s c a l e  of t h e  

f i n a l  observed f e a t u r e s ?  There are s e v e r a l  

reasons  f o r  small s c a l e  f e a t u r e s  t o  become 

prominent, when there i s  a supe rpos i t i on  of 

modes of a l l  s c a l e s .  F i r s t l y ,  one has t o  

cons ide r  t h e  components of i n t e r e s t  t o  us, 

namely, gas and young stars w i t h  low v e l o c i t y  

d i spe r s ion .  These p l ay  a l a r g e r  role i n  t h e  

t o t a l  g r a v i t a t i o n a l  f i e l d  when t h e  s c a l e  i s  - 
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small. Thus, i f  we have comparable g r a v i t a -  ( d )  Implicat ions on observat ions 
I 

One of t h e  most s i g n i f i c a n t  implicat iona c /  t i o n a l  f i e l d s  a t  var ious s c a l e s ,  t h e  small 

s c a l e  f e a t u r e s  would show up more prominently. 

Secondly, when one makes an observation, 

t h e  large s c a l e  f e a t u r e s  r ep resen t  a gradual  

change, and are t h e r e f o r e  less no t i ceab le .  

Thus, a mode on a s c a l e  extending over  t h e  

whole d i s k  ( % =  2)  would presumably Only 

cause t h e  d i s k  t o  take on a s l i g h t l y  e l l i p t i c  

shape without obscuring t h e  small s c a l e  

f e a t u r e s .  

Gibbs phenomenon i n  Four i e r  s e r i e s ) .  

(This  i s  i n  l i n e  w i t h  the  familiar 

Thirdly,  when f i n i t e  amplitude calcula-  

t i o n s  are made, it might t u r n  out  t h a t  t h e  

small s c a l e  f e a t u r e s  are preferred. 

The above arguments would show t h a t  t h e  

smaller t h e  s c a l e ,  t h e  more prominent t h e  

f e a t u r e  should appear. The observed 2 kpc 

spacing must t hen  be caused by an a c t u a l  dimi- 

nu t ion  of t h e  amplitude of t h e  waves at s t i l l  

smaller s c a l e s .  The reason is not t o o  d i f f i -  

c u l t  t o  f i n d .  The e f f e c t i v e  th i ckness  of t h e  

s te l la r  disk is about 600 pc.  This  causes a 

s u b s t a n t i a l  r educ t ion  of t h e  r e l e v a n t  g rav i -  

of t h e  g r a v i t a t i o n a l  theory i s  t h e  modifica- 

t i o n  suggested i n  t h e  r educ t ion  of data ob- 

t a i n e d  from 21 cm. radio-frequency observa- 

t i o n s  of t h e  gaseous motion. I n  p a r t i c u l a r ,  

t h e  method used t o  l o c a t e  t h e  gas depends on 

t h e  assumption of exac t ly  c i r c u l a r  motion. 

According t o  t h e  p re sen t  theory,  t h i s  i s  not 

c o r r e c t ,  and s i g n i f  i c a n t  modif i c a t i o n a  may 

t h e r e f o r e  r e s u l t  i n  t h e  data reduct ion.  

We have a l s o  checked t h e  theory aga ins t  

observat ions of gas motion i n  t h e  s o l a r  

v i c i n i t y ,  which present  some puzzl ing 

f e a t u r e s  i f  one does not assume t h e  ex i s t ence  

of a spiral p a t t e r n  f o r  t h e  d i s t r i b u t i o n  of 

gaseous v e l o c i t y .  These d i f f i c u l t i e s  are 

immediately c l ea red  up i n  t h e  p re sen t  theory; 

but  they are t o o  detailed an i s s u e  t o  be 

discussed here. 

6.  Concludinp, remarks 

( a )  The magnificent spiral  p a t t e r n s  i n  

d i s k - l i k e  g a l a x i e s  can be s a t i s f a c t o r i l y  ex- 

t a t i o n a l  e f f e c t  even at  2 kpc. This  p a r t i c u -  p l a ined  i n  terms of d e n s i t y  waves. These are 

l a r  l i m i t i n g  e f f e c t  i nc reases  r a p i d l y  w i t h  

decreasing s c a l e ,  and it is l i k e l y  that  

d e n s i t y  waves a t  smaller s c a l e s  can hardly 

be maintained. 

F i n a l l y ,  t h e r e  i s  t h e  ques t ion  of a 

prominent p a t t e r n  discussed a s  i t e m  ( b )  above. 

If  one adopts t h e  value R,= 20 W s e c  pe r  

kpc, one ge t s  an arm spacing of  about 2 kpc 

throughout t h e  g a l a c t i c  p a t t e r n .  If a v e r y  

d i f f e r e n t  value of fl is adopted, t h e  

ex ten t  of t h e  p a t t e r n  would be s u b s t a n t i a l l y  

reduced while t h e  s c a l e  i s  changed. 

P 

t h e  c o l l e c t i v e  modes of t h e  s te l la r  system 

analogous t o  plasma waves. Indeed, i f  one 

expands t h e  r educ t ion  f a c t o r  3+( X )  i n  

terms of a Mittag-Leffler series i n  t h e  com- 

p l e x  v a r i a b l e  X , one o b t a i n s  from ( 4 . 3 )  a 

d i s p e r s i o n  r e l a t i o n s h i p  familiar i n  plasma 

physics,  w i t h  only one minor d i f f e r e n c e  

caused e s s e n t i a l l y  by d i f f e r e n c e s  i n  geometry, 

This  s e rves  t o  remind u s  t h a t  t h e  s tudy of 

- a l l  n a t u r a l  phenomena would u s u a l l y  aid one 

another  i n  ways which may not be suspected 

beforehand, even though it might  become q u i t e  
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obvious p o s t e r i o r i .  
/ -' ~ ( b )  There I s  s t i l l  a great dea l  of work 

t o  be done on t h e  problem of g a l a c t i c  p a t t e r n s  

i f  we w i s h  t o  br ing  t h e  theory t o  t h e  usual 

s t anda rds  of s o p h i s t i c a t i o n  and exactness  In 

Applied Mechanics. Even a t  t h e  present  s tage 

of t h e  development of t h e  theory,  we a r e  i n  a 

be t t e r  p o s i t i o n  t o  t a c k l e  t h e  problems a t  a 

smaller s c a l e :  t h e  problem of star formation - 
and t h e  subsequent problem of t h e  b i r t h  of 

t h e  p l a n e t s .  Looking toward l a r g e r  sca les ,  

w e  have t h e  problems of t h e  d i s t r i b u t i o n  of 

g a l a x i e s  i n  c l u s t e r s ,  and t h e  d i s t r i b u t i o n  

of t h e  c l u s t e r s  I n  the  un lve r se .  These a re  

f a s c i n a t i n g  problems which w i l l  remain a 

chal lenge t o  us f o r  a long time t o  come. 
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